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^Sj , The properties of the TV = 2 SUSY gauge theories underlying the Seiberg-Witten hypothesis are discussed. 
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J^ , The main ingredients of the formulation of the finite-gap solutions to integrable equations in terms of complex 

OO , curves and generating 1-differential are presented, the invariant sense of these definitions is illustrated. 
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fvq , Recently found exact nonperturbative solutions to Af — 2 SUSY gauge theories are formulated using the 



methods of the theory of integrable systems and where possible the parallels between standard quantum 



On ' field theory results and solutions to integrable systems are discussed. 
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1 Introduction: Main Definitions 

The aim of this paper is to present in a clear form the main ideas of the relations between the exact solutions 
to the J\f = 2 supersymmetric (SUSY) Yang-Mills theory (arising in the point-particle limit of string theory) 
and integrable systems. The approach to the Seiberg-Witten effective theory based on integrable systems was 
proposed in [|| and developed along these lines in |2|-||T^, where all necessary details can be found. 

The plan of the paper looks as follows. First, I review what is known about construction of the effective 
actions for the low-energy J\f — 2 Yang-Mills theories and consider the definition of the algebro-geometric 
solution to an integrable system in terms of a complex curve and generating 1-differential. These definitions 
are illustrated the basic example of the Toda chain periodic solutions which is considered in detail. Next, I 
pass to the Seiberg-Witten solutions directly and show that they are indeed defined by the same data as the 
finite-gap solutions to integrable systems, though the complete formulation requires to introduce deformations of 
the finite-gap solutions. Finally, the explicit differential equations and direct computations of the prepotential 
of the effective theory are presented and compared when possible with the well-known computations from 
supersymmetric quantum gauge theories. 

1.1 Seiberg-Witten effective theory 

Let us start with some introductory motivations and present the main definitions which will be used below for 
the formulation of the effective Seiberg-Witten theory in terms of integrable systems. 

The object of study is given by the effective (abelian) A/" = 2 supersymmetric gauge theories in four (or 
five-) 1^ dimensions corresponding to the M = 2 SUSY Yang-Mills theory with the bare action 

C = j d^ecm = ... ^I^F^^ + iOTTF^.F^, + ... (1) 



The exact nonperturbative results |gO|, |2lj, 23, ^ contain information about the spectrum of massive BPS 
excitations ("W-bosons" and monopoles) g and the Wilsonian effective action for the massless particles (see for 
example ||2^ ) . The most essential feature of this formulation is that the effective action can be written in terms 
of a single (holomorphic) function of several complex variables pCl| , pl[ . Later on, according to the standard 
terminology, this function will be referred to as prepotential. 

For the Af — 2 SUSY gauge theory the result can be understood in the following way. The scalar potential 
in the M — 2 SUSY gauge theory action has the form V{(f>) — Tr[0, 0']^ and its minima after factorization 
over the gauge group correspond to the diagonal ([0, 0^] = 0), in the theory with SU{Nc) gauge group traceless 

^ Let us notice immediately that the effective formulation of the exact nonperturbative solutions we discuss here does not depend 

explicitely on the dimension of target-space. Integrable systems suggest a universal effective formulation which is known at present 

for some 2D string models as well as for the theories considered in this paper. 

^The BPS {= the Bogomolny-Prasad-Sommerfeld) states arc the states in the "small" multiplet with masses being proportional 

to the central charges of the extended Af >2 algebra of supersymmetry. 
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whose invariants 
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det(A - 0) = P;v.(A) = Y. SN^^kX" 
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(the total number of algebraicaUy independent ones is rank SU{Nc) = Nc — I; one can also take any other set 
of invariants,) parameterize the moduli space of the theory. Due to the Higgs effect the off-diagonal part of the 
gauge field A^ becomes massive, since 



[0,A, 



pJ^j 



[Ar ~ A,)A^ 



(4) 



while the diagonal part, as it follows from (103) remains massless, i.e. the gauge group G — SU{Nc) breaks 
down to [/(lyankG _ {/{l)^'^^. Thus, the effective A/" = 2 abelian gauge theory arises with the effective 
Lagrangian, written in terms of the superfields 



(5) 



$, = ^^ + ^a^^^fl^ + ... 

whose vacuum values coincide with the diagonal values of yj^. Therefore the function of complex variables 
T{a) — •?^(^)|y^^.^o' i^^deed determines the Wilsonian effective action for the massless particles by means of 
the following substitution 



£cff - Im / d''i?J^(A 



$, 
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(6) 



This fact can be checked by explicit computations of quantum corrections in conventional J\f = 2 SUSY gauge 
theory. 

As for the massive excitations, it turns out |g^, |T), that at least the BPS massive spectrum, i.e. the 
spectrum of states of " small" multiplet whose masses are proportional to the central charges of the extended 
M > 2 SUSY algebra, is related with the prepotential JF by M ~ |na + maDJ, where a.D = ^. According 
to the Seiberg-Witten hypothesis (which will be formulated strictly below in subsect.1.3) the BPS masses a 
and a£) can be expressed through the periods of a meromorphic differential on auxiliary Riemann surface and 
depend on the vacuum expectation values of scalar fields, which can be considered as certain co-ordinates on 
the moduli space of auxiliary surface. For example, in the case of pure SUSY gauge theory with the SU{Nc) 
gauge group the auxiliary curve and meromorphic differential have the form [EOl p3[ 



1 



2PAr^(A) dS^X 



dw 



while for the TV = 2 SUSY QCD H, M 



VF + 1.2P^=W 



W PNfiX) 



dS = X 



dW 



(7) 



(8) 



Thus the knowledge of the function T and its derivatives as functions on moduli (and also as functions of possible 
external sources T) gives the most complete up to now information about the theory. It will be demonstrated 
below that the fact that the nonperturbative solution to the A/" = 2 SUSY gauge theory can be presented 
in terms of effective integrable system gives rise to the main property of the J^-function, that it depends on 
(part of) its variables as on (some) moduli of the complex structures of (auxiliary) complex curves or Riemann 
surfaces (0), (|). 

1.2 Integrable systems 

The main idea is to identify function T and other characteristics of effective theory with the objects from the 
theory of integrable systems. Fortunately, it turns out that this particular class of effective theories (as well as 
the class of low-dimensional string models) can be described in terms of the integrable systems of (Kadomtsev- 
Petviashvili) KP and Toda type. The starting point is that the KP 

&HJ_ _ _d_ fdU_ dU_ dHr\ 

and the Toda lattice 

^^"^^ e^"+i-'^" - e*"-"^"-^ (10) 



dTidTi 

equations (and other equations of the same class: to be referred to later as KP/Toda type equations) possess 

the infinite amount of integrals of motion which can be considered as generators of the (mutually commuting 
and of course commuting with the first flows (0) and (Eoh) infinite amount (hierarchy) of flows parameterized by 
"elder" times. The differential equations describing T^-flows have a complicated form if written for the functions 
(potentials) U{T) and (/)„(T), but there exists much more elegant way of presenting the whole picture. 

This way is based on using the auxiliary linear problem for the hierarchy of nonlinear equations 

^^^ = B.^ (11) 

where Bk — Bk[U] (or Bk — Bk[(t>]) are the differential operators only in Ti for the KP case (^ or difference 
operators (with respect to the discrete time n) in the case of Toda lattice (10) . The solution ^ to the auxiliary 
linear problem is called usually the Baker- Akhiczcr (BA) function if the equations (O) are supplemented by 
the Lax equation 

£* = A* (12) 

which in the case of reductions of the KP/Toda hierarchies can be considered as one of the equations of the 
tower (^l|). In such language the hierarchy of nonlinear equations consisting of a "tower" built above (g), ( pX)| ) 
becomes equivalent to a single (operator) Lax equation 

^-[^-^1 (13) 



or to the consistency conditions (the Zakharov-Shabat equations) 

= (14) 



dTk '' dTi ' 



The most universal object in such formulation is given by so called Hirota's r-function, satisfying the infinite 
chain of the bilinear equations (the Hirota equations) and generating solutions to the hierarchy, the BA functions 



etc. For example, in the case of KP hierarchy the BA function 'I'(A, T) and the "potential" U{T) are expressed 
through the r-function in the following way (in order to avoid misleading below r-functions will be denoted as 
T while notation t is reserved for the modular parameter of elliptic curve): 

r(T) 






U{T) = d' logT(T) ^ —5 logT(T) (15) 



and one can easily find analogous formulas for the Toda lattice (see for example [Q) and other integrable 
systems. 

The KP/Toda systems have infinite amount of solutions parameterized by so called infinite-dimensional 



Grassmannian (roughly speaking a function of two variables - the initial conditions) ||3l| , 32 1. The particular 
solutions can be distinguished by additional (sometimes linear) equations, say, on the r-function. 

A special role is played by finite- dimensional solutions to the hierarchies of integrable equations when only 
the finite number of the integrals of motion (and flows a^) is algebraically independent. The important example 
of such finite-dimensional integrable systems is given by the finite-gap solutions, usually fixed by the Novikov 
constraint E^] 

finite (16) 

A=Y^ CkBk 

k 

where C is the Lax operator ([l2|), B^ are the evolution operators (|ll|), and Ck - some finite set of nonzero 
constants. The integration of a generic finite-gap problem is given by the Krichever construction |26|] and 
consists of the following steps ^ 



• The common spectrum of the commutative operators C and A ( jig ) can be described by a system of 
equations, giving rise to a complex algebraic curve S. 

• The BA function is a section of some bundle over S - in our case it will be almost always a line bundle. 

• The moduli of a complex curve are the integrals of motion of the system (llq). 

• The integrable change of variables is given by the Abel map, and the Liouville torus (angle variables) is 
a real section of the Jacobian of E. 

• The Hamiltonian structure of the finite-gap solution can be formulated with the help of generating (mero- 
morphic on E) 1-differential dS*, whose periods (the integrals over nontrivial cycles on Riemann surface) 
are canonically normalized integrals of motion of given dynamical system. 

The arising complex curves are usually described by the algebraic equations 

V{\w) = Q (17) 



^Here only a "rough picture" of the Krichever construction is presented, the exact mathematical definitions and theorems can 
be found in |26[|^, ^, |29[ || . 



(one relation on two complex variables (|l7|), where V - a, polynomial, whose coefficients are moduli of the 
complex structure, defines a Ic^ complex or 2jid real manifold) or by system of equations on several complex 
variables. Topologically any complex curve is characterized by a single non-negative integer parameter ~ genus 
g (the number of handles), and for a given genus the complex structure is parameterized by 85 — 3 complex 
numbers - the moduli of the complex structure dime -Mg = 3g — 3. 

The finite gap integrable systems usually correspond to the 5-parametric families of complex curves (so that 
the dimension of the corresponding submanifold in the moduli space is equal to the dimension of the Jacobian, 
i.e. the number of independent integrals of motion coincides with the number of angle variables n). The 
dimension of the Jacobian is determined by the total number of (globally defined) holomorphic differentials dcoi, 
i = 1, . . . , (7, and is equal to the genus of Eg. On Eg there exists 2g independent noncontractable contours (two 
around each handle) which can be canonically split into so called Ai, i = 1, ... ,17, and Bi, i = 1, ... ,5 cycles 
with the intersection index Ai o Bj = Sij . The holomorphic differentials are usually taken to be normalized to 
the A-cycles 

* divi = Stj (18) 

then the integrals of the B-cycles give the period matrix 



duji — Tij 



doji A dijj = ImTij 



(19) 



As it is well known the period matrix (|l9|) is symmetric which can be checked by application of the Stokes 
theorem to 



— du!i A dcuj = y (p duJi (p dcoj — (i <-*■ 7) = Tij — Tji (20) 

The derivatives of generating differential dS over g directions in moduli space, corresponding to the integrals of 
motion give rise to (some) holomorphic differentials 

ddS 



dvk (21) 



dhk 

where in fact the canonical holomorphic differential appear only if one takes as co-ordinates on moduli space 
the canonically normalized integrals of motion - A-periods of the differential dS 



a= (h dS (22) 

By accepted convention the corresponding " dual" B-periods will be called a.jj 

SLD= f dS (23) 

The existence of the relation (El]) can be trivially checked for all known 5-parametric families of curves. In fact 
it is related to the existence of specific co-ordinates on moduli space satisfying the consistency condition 

ddvk ddvi 



dhi dhk 



(24) 



*In fact the g-parametric families arise in the simplest cases (in the context of this paper these are the theories with the SU{Nc) 
gauge group). In general situation one should consider the Pryin manifold arising as a "factor" of Jacobian over some involution 
(see for explicit examples [|L7| and references therein). 



This property will be discussed in more general context of the Whitham hierarchy. The finite-gap solutions are 
the most simple examples of solutions to integrable equations which are related directly to the nonpcrturbative 
quantum theories. In fact they should be considered only as some "approximations" to the exact solutions, which 
allow one however to to describe part of the exact physical characteristics of the theory, mostly concerning its 
massless sector. Moreover, in many cases (e.g. in 2D string theories) the exact solutions can be considered as 
integrable deformations of the finite-gap solutions, described in terms of the Whitham hierarchies. 

1.3 Seiberg-Witten map 

Now we can pass to the exact formulation of the Seiberg-Witten effective theory which can be formally defined 
as a map 

G,T,hk'^a,, a^ (25) 

(G is gauge group, r - the UV coupling constant, hk = ■^(Tr$'^) - the v.e.v.'s of the Higgs field) and has an 
elegant description in terms of an integrable system. In most known cases the integrable system is described in 
terms of a complex curve Sg with hk parameterizing some of the (in most cases hyperelliptic) moduli of complex 
structures. The map ( p5[ ) is described in terms of the periods (p3), (pq) of the meromorphic 1-form (p^) which 
determine the BPS massive spectrum, 

M-|na-Hma^| (26) 

and the prepotential J-' by the defining equation 

The derivatives give the period matrix having the sense of the low-energy coupling constants for the abelian 
gauge fields (cf. with (^): indeed, from (|2^), ( p3| ) and (19) it follows that 



^ dai f ddS , , 

On = T^ — = (p -^ — — (p du! 



da-j Ja^ daj j j,^ 



(28) 



d'^T da? f ddS 



dujj = Tij 



daidaj daj Jg. daj /g. 

The curves Sg=rankG a-re special spectral curves of the nontrivial finite-gap solutions to the periodic Toda-chain 
problem and its natural deformations. The main object to be considered below - the prepotential 

.^ = logr (29) 

is logariphm of the r-function of the Whitham hierarchy, associated to a particular finite gap solution. 

2 Toda chain: the periodic problem 

Let us demonstrate the above formulas on the simplest Toda-chain model, which in the framework of the 
nonperturbative solutions corresponds to the Ad pure gauge M — 2 supersymmetric Yang-Mills theory (or 
A/" = 2 SUSY gluodynamics) [g^ |l) . The periodic problem in this model can be formulated in two different 
ways, which could be further deformed into two different directions. These deformations are hypothetically 



related to the two different couplings of the Ad theory by adding the adjoint and fundamental matter M — 2 
hypermultiplets correspondingly Q-Q, [|l[ [l2[ . 

The Toda chain system is a simple system of particles where only the neighbor ones interact with the 
exponential potential and can be defined by the equations of motion 

dpi 



dt 



Pi 



dt 



= e-^'+i^ 



„0i-0i_i 



(30) 



where one assumes (for the periodic problem with the "period" Nc) that (jii+Na = 'f't and Pi+Na = Pi- It is an 
integrable system, with Nc Poisson-commuting Hamiltonians, hj"^ — ^Pt, h^'~^ — ^ {\pi + e'^'^'^'^^), etc. As 
any finite-gap solution the periodic problem in Toda chain is formulated in terms of (the eigenvalues and the 
eigenfunctions of) two operators: the Lax operator (n2|) C (or the auxiliary linear problem for (pC 



A^± - J^^nfeV-fc^ = e^(^"+^-*")V'±+i +p„^± +e^< 



-)^ti(=±|V'^) 



(31) 



and the second (yl-operator (|16D) in this case can be chosen as a monodromy or shift operator in a discrete 
variable - the number of a particle 



T(j)n = (t)n+N, Tpn = Pn+N^ Tljjn = ^n+N^ 

The common spectrum of these two operators n 

C^ = AV' TV- = wijj [C, T] = 



(32) 



(33) 



mean that there exists a relation between them V{C, T) = which can be strictly formulated in terms of spectral 
curve S: V{X,w) — 0. The generation function for these Hamiltonians can be written in terms of C and T 
operators and the Toda chain possesses two essentially different formulations of this kind. 



In the first version the Lax operator (31) is written in the basis of the T-operator eigenfunctions and becomes 
the Nc X Nc matrix, 

A{<t>3-4>2) n 



C'^iw) 



Pi 

[4>2~4>i) 



62' 



P2 










h(4>l~(t>Na) 



g2^ 



P3 



(34) 



U U PN, J 

defined on the two-punctured sphere. Matrix (pj) is almost three-diagonal as it follows from (pi|), the only extra 
nonzero elements appear in the off-diagonal corners exactly due to periodic conditions (p2) reducing therefore 
naively infinite-dimensional matrix (Bif) to a finite-dimensional one depending on the spectral parameter w. 
The eigenvalues of the Lax operator (p3) are defined from the spectral equation 



■P(A,W)= det (C^^(w)^X)=0 



(35) 



^Let us point out that we consider a periodic problem for the Toda chain when only the BA function can acquire a nontrivial 
factor under the action of the shift operator while the coordinates and momenta themselves are periodic. The guasiperiodicity of 
coordinates and momenta - when they acquire a nonzero shift - corresponds to the change of the coupling constant in the Toda 
chain Hamiltonians. 



or 



Substituting the explicit expression (|34| ) into (|35|), one gets |39| : 

w + - = 2Pw (A) (36) 

y2 = p2^^(A)-l 22/ = «;-i (37) 

where P;v^(A) is a polynomial of degree A^c, with the coefficients being the Schur polynomials of the Hamiltonians 

PatJA) = A^= + /uA^-i + 1^^^- hDX"'-' + ■■■ (38) 

The spectral equation depends only on the mutually Poisson-commuting combinations of the dynamical variables 
- the Hamiltonians or better action variables - parameterizing (a subspacc in the) moduli space of the complex 
structures of the hyperelliptic curves E-^'-^ of genus Nc— I — ra,nkSU (Nc) ■ 

An alternative description of the same system arises when one (before imposing periodic conditions) solves 
explicitly the auxiliary linear problem (|3l|) which is a second-order difference equation. To do it one just rewrites 
(©as 

V',+i = (A-pOV'»-e*- A-i (39) 

or, since the space of solutions is 2-dimcnsional f\ (denoted by ip~^ and ip" in (|3l|)), it can be rewritten as 
ipi+i — Lf^ {Xjipi where tpi is a set of two- vectors and Lf^ - a chain of 2 x 2 Lax matrices. After a simple 
"gauge" transformation these matrices can be written in the form 123] 



rTC 



(A) = 



/ 



V 



P^ + X e^ 



i^l,...,N, (40) 





This form is convenient to check integrable properties using the Hamiltonian language: the matrices ( pO| ) obey 
quadratic r- matrix Poisson bracket relations pQ| (equivalent to {(pi,pj} — Sij) 

{Lf^iX) ? Lj^(A')} = S., [r{X A'), Lf^(A) « lJ^{X')] (41) 

with the (i-independent!) numerical rational r-matrix r{X) ~ j X]a=i '^a ® '^'^ satisfying the classical Yang- 
Baxter equation. As a consequence, the transfer matrix 

TnAX)= n ^*(^) (42) 

Na>i>l 

satisfies the same Poisson-bracket relation 

{Tr,SX) f T^SX')} = [r(A- A'),T^.(A)®T^^,(A')] (43) 

and the integrals of motion of the Toda chain are generated by another form of spectral equation 

det (T^f (A) -w) ^w^ - wTrT^f (A) + det T^f (A) = w^ ~ tuTrT^f (A) + 1 = (44) 



2x2 

or 



V(X, w) = TrT^'^(A) - w - 1 = 2PAr (A) - w - - = (45) 

w w 



"The initial condition for the recursion relation (p9b consists of two arbitrary functions, say, tjii and i/>2 



(We used the fact that det2x2 i^'^(A) = 1 leads to det2x2r^f (A) = 1.) The r.h.s. of (^) is a polynomial of 
degree Nc in A, with the coefhcients being the integrals of motion since 

{TrTAr^(A),TrTA,^(A')} = Tr{rAr,(A) ? T^A^')} = 
- Tr [r{X - A'),Tjv,(A) ® T^,(A')] - 
The generating differential (El]) for the Toda chain has the form 



dS 



TC 



X- 



dw 



w 



Indeed, its derivatives over g moduli - the coefficients of the polynomial Pn^{\) in (P8|), ( ffS] ) 

/ 9Pn. - 



dsk 



dsi. 



d 

\d— — log It; ~ 2Xd 
osk 



A'^+MA 



(46) 



(47) 



(48) 



\— const ^'^k V / 

are (up to total derivatives which is denoted by ^) holomorphic differentials on curve (|3q), (p7|), (^SJ). One 
should consider the derivatives over moduli as taken for fixed A - see below more comments concerning this 
question. The explicit formulas for the prepotentials of the integrable system considered in this subsection will 
be presented in sect. 3. 



2.1 Integrable deformations of the Toda chain: couphng to matter 

The Nc X Nc matrix Lax operator (pj) can be thought of as a " degenerate" case of the Lax operator for the 
GL{Nc) Calogero system |l| 



/:^'^'(e)=LH + ^nqa|Oi?aj 



Pi ^(91 -92 10 

F{q2-qi\C) P2 

\FiqN^^qi\0 FiqN^~q2\0 



Fiqi~qNM) ^ 
F{q2 -qNjO 



Pn, 



(49) 



/ 



The matrix elements F{q\£^) 






are expressed in terms of the Weierstrass elliptic functions and, 



thus, the Lax operator C{S,) is defined on the elliptic curve E{t) (complex torus with periods lu,w' and modulus 
r = — ). The Calogero coupling constant is m?, where in the Ad interpretation m plays the role of the mass of 
the adjoint matter TV = 2 hypcrmultiplet breaking TV = 4 SUSY down to TV = 2 Q. 

From (ES) it follows that the spectral curve Y,c:ai ^^^ ^j^g GL{Nc) Calogero system is given by: 



det (C^^HCj-X) =0 
and is defined as coverning of the elliptic curve E(t) 

2/^ = (x - ei)(a; - e2){x - 63) 
with the canonical holomorphic 1-differential 



di 



dx 
' V 



(50) 



(51) 



(52) 



The BPS masses a and au are now the periods of the generating 1-differential 

dS^""^ ^ Xd^ (53) 

along the non-contractable contours on sC'"' ^. Integrabihty of the Calogero-Moser model can be described for 
example in terms of the following Poisson structure 

{ciOfCiC')} = [ng^'{^,a ^(C)®!] - [ng^'{^,a, 1® Ae')] (54) 

defined by dynamical elliptic 7?,-matrix E2], which guarantees the involution of the eigenvalues of matrix C. 

In order to recover the Toda-chain system, one takes the double-scaling limit Bs], when m and —ir both go 
to infinity and 

1^ ^1i = 2 ^^* ^ ■'^ log™ + (0j - (t)j)] (55) 

so that the dimensionless coupling r gets substituted by a dimensional parameter A''^^ ^ m^^e''^'^. In this limit, 
the elliptic curve E{t) degenerates into the (two-punctured) Riemann sphere with coordinate w = e^e*'^'^ so 
that 

d^Cai ^ ^gTC ^ ^^ (56) 

w 
The Lax operator of the Calogero system turns into that of the A^c-periodic Toda chain ( |34| ) : 

CCai^^)d^^C'^^{w)— (57) 

w 



and the spectral curve acquires the form (|35|). That is why the Calogero-Moser model can be considered as an 
elliptic deformation of the Toda chain. In contrast to the Toda case, (pOh can not be rewritten in the form ( pq ) 
and specific w-dependence of the spectral equation ( pq ) is not preserved by embedding of Toda into Calogero- 
Moser particle system. However, the form (K&) can be naturally preserved by the alternative deformation of the 
Toda-chain system when it is considered as (a particular case of) a spin-chain model. 

In the simplest example of Nc = 2, the spectral curve S*^*^' has genus 2. Indeed, in this particular case, 
eq.(pfl) turns into 



^2 



This equation says that with any value of x one associates two points of E*^"' 



r{X;x,y) = X^-h2 + ^x^Q (58) 



9' 



X^±Jh2-^x (59) 



w 



i.e. it describes E™' as a double covering of the elliptic curve E{t) ramified at the points x = (—) ft,2 and 

a; = cx). In fact, x — l — j /12 corresponds to a pair of points on E{t) distinguished by the sign of y. This 
would be true for a; = 00 as well, but a; = 00 is one of the branch points in our parameterization ( |5l| ) of E(t). 
Thus, the two cuts between x = ( — ] ft.2 and a; = 00 on every sheet of E{t) touching at the common end at 

^Let us point out that the curve (pOl) has genus g = Nc (while in general the genus of the curve defined by Nc X Nc matrix 
grows as A^^) but the integrable system is still 2{Nc — l)-dimensional, i.e. one of the periods of (p3) vanishes identically due to the 
symmetries of the curve (BOl) and there are only Nc — 1 = g — 1 independent integrals of motion. This is a particular case of the 
Prym manifold considered above when one restricts himself only to those contours which are trivial after projection to a "bare" 



10 



2 \ / / \ 2 



a; = oo become effectively a single cut between ( — I ^2, + 1 and I — I ^127 ^ 1 • Therefore, we can consider 
the spectral curve SC"^' as two tori E{t) glued along one cut, i.e. S^°^2 has genus 2. It turns out to be a 
hyperelliptic curve (for Nc = 2 only!) after substituting in (pSh x from the second equation to the first one. 

Two holomorphic 1-differentials on Yl^°-^ {^g — Nc~ 2) can be chosen to be 

(60) 



(61) 



(62) 

The fact that only one of two holomorphic 1-differentials (|60|) appears at the r.h.s. is related to their different 
parity with respect to the Z2 ® Z2 symmetry of E*^"': y -^ —y and A -^ —A. Since dS has certain parity, its 
integrals along the two of four elementary non-contractable cycles on sC'"' automatically vanish leaving only 
two non- vanishing quantities a and a^), as necessary for the Ad interpretation. Moreover, two rest nonzero 
periods can be defined in terms of the genus 1 "reduced" curve 

2 \ 3 

r 



dx XdX 

w = — ~ V = 

y y 


dx 


dX 

y 




so that 


dx 






dS ^ XdC = ]J h2 ~ ^piOd^ -- 


jh,- 


4^ 


It is easy to check the basic property (|21): 

ddS ^ 1 dx 








dh2 2 yX 









Y^ = {yXf ^[h2-^x)\{{x-eal (63) 

equiped with dS = ( /12 ~ 5^^) i^- Since for this curve a; = 00 is no more a ramification point, dS has simple 
poles when x — oo (on both sheets of E^^^'^^^^) with the residues ±^ '-^ ±m. 

The opposite limit of the Calogero-Moser system with vanishing coupling constant g^ ^ m? — > corresponds 
to the A/" = 4 SUSY Yang-Mills theory with identically vanishing /3-function. The corresponding integrable 
system is a collection of free particles and the generating differential dS = ^712 ■ d^ is just a holomorphic 
differential on E{t). 

Now, let us turn to another deformation of the Toda chain corresponding to the coupling of the J\f — 2 SYM 
theory to the fundamental matter. According to [2^, gj|, the spectral curves for the M = 2 SQCD with any 
Nf < 2Nc have the same form as (|3^) with a less trivial monodromy matrix with the invariants 

Tr r^^(A) = 2P^^(A) = 2P^"^^(A) + Rn^-i{X), detTjv.(A) = Qjv,(A), (64) 

and QNfiX) and RNr^-i{X) are certain h-independent polynomials of A. 

A natural proposal is to look at the orthogonal to the previous generalization of the Toda chain, i.e. deform 
eqs.(p4|)-(|4^) preserving the Poisson brackets 

{L{X) ? L{X')} = [r(X - A'), L{X) ® L{X')] , 

(65) 
{TnM ® Tn^X')} = [r(A - A'), T^JX) (g> Tn^{X')] , 

and, thus, the possibility to build a monodromy matrix T{X) by multiplication of Li(A)'s. The full spectral 
curve for the periodic spin chain is still given by: 

det{TNjX)-w)^0, (66) 
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but since in general detr/v^(A) — Y[i=i detL(A — A^) ^ 1 equation ( |66| ) acquires the form 

^^detlV^^ (67) 

w 



or 



while generating l-forni is now 



W ^ det Tj^SX) VOM^ 



dS = A^ (69) 



The r.h.s. of the equations (pT\j, ( pq ) contain the dynamical variables of the spin system only in the special 
combinations - its Hamiltonians (which are all in involution, i.e. Poisson-commuting). The explicit examples 
can be found in O, n3]. 

In this picture the rational XXX spin chain literally corresponds to a Nf < 2Nc Af ~ 2 SUSY QCD while 
the conformal Nf = 2Nc case when an additional dimensionless parameter appears is hypothetically described 
by the XYZ chain with the Hamiltonian structure given by elliptic Sklyanin algebra |^ (see [|lj| for detailed 
analysis of this case where however still a lot of open questions exist). 

2.2 Symplectic structure of the finite-gap systems 

Now let us turn to the discussion of a more subtle point - why the generating 1-form ( pi| ) indeed describes an 
integrable system. To do this I consider, first, the simplest definition of the generating 1-form. According to 
this definition the generating form (|2l| ) defines the symplectic structure on the phase space of the finite-gap 
solutions. This symplectic structure was introduced in ||29| and recently proposed in ||13| as coming directly 
from the symplectic form on the space of all the solutions to the hierarchy. Below I give the most simple and 
straightforward proof of this fact as presented in ||lj, |l^ which is supplied by concrete examples having direct 
relation to the integrable systems arising in the formulation of nonperturbative results in quantum theories. In 
addition we will discuss the relation of generating differential to the duality transformation in nonperturbative 
c < 1 string theory. 

To prove that ( [47| ) is a generating one-form of the whole hierarchy one starts with the variation of the 
generating function 

s{i:n) ^Y. f'^^ = Y. P ^'^P (70) 

i i 

(where dE and dp {— dX and = — ) in the particular case above) are two meromorphic differentials (with fixed 
periods: for example for the hyperelliptic coordinate A all ^ dA = 0) on a spectral curve S and 7 is the divisor 
of the solution (i.e. the set of points - with their multiplicities - the poles of the BA function)). Taking the 
first variation fj one gets 

SS = Y,(.Edp){^,)+Y.P ^^dP ^^^ = ^ (E(^^p)(^*)) +Y.(^Edp)i^,) (71) 



"The total variation, which includes the variation of the moduli of complex structure of the curve is considered. To compare 
the differentials on two curves with different complex structure one should introduce the connection, which will be chosen below as 
satisfying the consition &moduliP = Oi i-6- such that function p is covariantly constant (one can compare it with [h3|, where the role 
of covariantly constant function is played by function E). 
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From 5'^S ^Q it follows that 

" ^]{SEdp)ij,) (72) 



w^6EASp = S\S2{Edp){jM =-E( 



Now, the variation SE (for constant p) follows from the Lax equation (auxiliary linear problem) 

^^ = C^P (= Ei^) (73) 



so that 



-^^ 



and one concludes that 



^ = -(^£^U^)(70) (75) 



Let us turn to several important examples. 
KP/KdV. In the KP-case the equation ([73[) looks as 



|^=(^+.)^(=i.^) (76) 

therefore the equation (JT^) imphed by (V'^V') — /^x ^^(^' ^)'^''('^' ^) ^'^'^ '^'^ ^ (Jw(x) gives 

^ - - £ ^"(^) E ( (l^^^(^)^(^)) (t^) (77) 

The differential (Kl — ,,f\, ilj^{x)^{x) is holomorphic on S except for the "infinity" point Pq where it has zero 
residue Q| . Vanishing of the sum of residues of its " special" variation |^ 



S resp,, dfl + 2^ res^ . dfl = 



_ (78) 

can be rewritten as 

Sv{x)+Y,dn{-f^)^0 (79) 



where v{x) is a "residue" of the BA function at the point Pq obeying v'{x) — u{x). Substituting ([79|) into ( |75D 
one gets 

uj= f 5u{x) I 5u{x') (80) 

J dx J dx' 

or the first symplectic structure of the KdV equation. 

Toda chain/lattice. (The case directly related to the Af = 2 pure SYM theory). One has 

(v+v) = E^"(^)^«(^) 

n 

and the Lax equation acquires the form (|3l|) where i = i_|_ + i„ and ti = i+ — i_ is the first time of the Toda 
chain, so that 

SX = ^^^tjP^f'^ (81) 

and ( fTSl ) becomes 

w^-Y,5pkY. {j^;i^^^t^k) (7.) (82) 

^It should be pointed out that the variation 5 corresponds to a rather specific situation when one shifts only i/i keeping i/jt fixed. 
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Thus, to get 

■^ ^^SpkA Sqk (83) 

k 

one has to prove 

E (^^^V^+V^v) (7.) - % (84) 

To do this one considers again 



5 lesp^ + resp_ + y^ res^. dV,n 



^^ ^""=(v;^^"^" (^^^ 



where the first two terms for ^p^ ^ e^''"A^"(l + 0{\ ^)) satisfying two "shifted" equations (Bl]) (with 
Qn and q„ correspondingly) give 6qn = qn — qn while the rest - the l.h.s. of (p4). 

Calogero-Moser system. Introducing the "standard" dE and dp one the curve S ( pO[ ) with the 1-form 
(p3[) where dp = rf^ is holomorphic on torus f. dp — ui, §„ dp = u)' and E — X has Nc^l poles with residue — 1 



and 1 pole with residue — —{Nc — 1), the BA function is defined by |41 

£'^'^'(Oa = Aa (86) 

with the essential singularities 

a. ^^^^ e-C(0 (1 + OiO) a. ^^^^ e-C(0 (__!_ + 0(C)) (87) 

and (independent of dynamical variables) poles 7. Hence, similarly to the above case for the eq. (pa) one has 
[ip^ili) — '^j^a\{P)a.i{P)^ SC^""^ — ^-^ ' ^ so that the expression ( |75| ) acquires the form 

and the residue formula 

4ak (89) 






where the first sum is over all " infinities" p = at each sheet of the cover ( |50| ) . After variation and using ( p!\ ) 
it gives again 

ru^^Spk^ Sxk (90) 

fc 

The general proof of the more cumbersome analog of the above derivation can be found in |13| . The explicit form 
of the obtained formulas looks rather nontrivial, hence, to illustrate their existence let us, finally, demonstrate 
the existence of (^8|), ( jSq ) and ( p9{) for the 1-gap solution. Let 

^ ^ ^,,(,) a{x-z + .) ^, ^ ^_,,(,) ajx + z + K) ^^^^ 

a{x + K)a(z — K.) a{x + K.)a{z + n) 



be solutions to 



Then 



(92+u)^ = (a2-2p(a; + K))7/; = p(z)i/; (92) 



,4. , aix — z + n)<7{x + z + k) <^'^{z) , , , , xx 

V-V = 2( ^ \ ( \ I ^ \ = I ^ \ V ^ ^ - ^ ^ + « 

a-^\x + K)a\z — K)a(z + k) a[z + K)a{z — k) 

(^V> == ^-^TT T (^(^) " <^(^ + '^)» 

cr(z + KJ(T(Z — k) 
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(93) 



and let us take the average over a period 2uj to be (p(x + k)) = 2f). Also 

dp = d{({z) + log(T(2a) — z + k) — logo-(K — z)) = —dz {p{z) + C(2cj — z + k) — ({k — zj) = 

= -dz {p{z) - 2fi) 



(94) 



and 



dp (t{z + K)a{z — k) 



dn = T-jTY'/'V = dz^ '\ L = dz {p(z) - p{x + k)) 



(95) 



Now, the variation S explicitly looks as 

~ _ dp ^ a{z + K)a{z — K)a{x + z + K)a{x — z + K + Sk) 

(ip^ip) " a^{z)a{x + k)(7{z + K)a{x + K + 5k)(7{z — K — 5k) 

^ d^^i^±|±£M^±^^ [1 + Sk {({x -z + k) + C{z-^)- C(-x + ^))+0 {{SKf)] (96) 

= dz {p{z) - p{x + k)) [1 + Sk (C(x ~ z + k) + ({z - k) - ({x + k)) + O {{Suf)] 

It is easy to see that (Bq) has non-zero residues at z = and z — k (the residue at z = x + k is suppressed by 

p{z) — p{x + k). They give 

j:eSz=oSdil ^ Sk (p dzp{z) {C,{x ~ z + k) + ({z — k)) ^ Sk (p C,{z)d {C{x — z + k)+ 

+C(z - k)) - Sk {p{x + k) + p{k)) - S (C(x + k) + C(k)) = Sv{x) 
and 

TeSz=K.Sdil = Sk {p{k) — p{x + k)) — dVL{K) (98) 

which follows from the comparison to (Bq). Thus, we have checked the existence of ( |7q ) and (^9h in the simplest 
possible example by explicit computation. 

Finally, the quantization of the symplectic structure (p2|), at least in the cases when it is known, corresponds 
to the complete formulation of the effective theory. The corresponding generating function S — ^j. J '^ dS 
defines the duality transformation between the dual integrable systems (see |33, M). The formulation of 
the complete effective theory hypothetically corresponds to the exact answer for the full generating function 
log T = log To + log Tg = T + log Te , including also the deformation of the oscillating part corresponding to 
massive states in the spectrum. 

2.3 Comments on main definitions 

Let us now make some comments on the main formulas ( pi[ ) etc we used above. In fact these formulas need 
to be defined in a more strict way since they imply taking derivatives of various objects (holomorphic and 
meromorphic differentials on complex curves) over moduli and a priori this is not a very well-defined procedure. 
In most of concrete cases the hyperelliptic curves were used (i.e. the curves which possess a special coordinate 
A or differential dX with zero periods along any cycles), and by derivatives over ("hyperelliptic") moduli - or 
over the ramification points one meant 



d d 

ohk ohk 



(99) 

\— const 



i.e. -^^d\ — 0. Now, one should consider at least two arising questions: 
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• Why this definition is reasonable for hypereUiptic Riemann surfaces (e.g. (p6[), (|5q), (|68|))? 

• What should be done instead, when there is no specific coordinate or differential like dXl 

In this subsection I would try at least partially to answer to this question. These comments arose as a result of 
discussions with A. Levin and his many clear explanations. 

Consider the definition of an integrable system in spirit of g^l 

■T^-dS = dvk (100) 

ohk 

where dS is generating differential and dvk are some holomorphic differentials. We will try to demonstrate how 
the generating differential (|2|) can be constructed for a generic integrable system. 

Consider, first, the purely holomorphic case (appearing for example in the framework of the Hitchin systems 
[ p8| ) . The most general construction of the differentials of the ( pl| ) type is based on the existence of a differentials 
with g — 1 double zeroes on a curve Sg of genus g. These differentials look like 
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dQ, (0) 



'^'^(^) - E ^o^^^^(^) ^ ^*(^) ^ '^*(^) (101) 



. 1 dA, 



rP 



where A(P) = / duj is the Abel map into Jacobian Jac(Sg), Q - Riemann theta- function p3, E^, v^iP) is 
a section of K'i corresponding to an even characteristic * having simple zeroes at points i?i, . . . , Rg-i- On a 
genus g curve one has 2^^^^ + 2^~^ even and 2^^^^ — 2^^^ odd characteristics. 

Now one should define the co-ordinates {ft-fe} ~ locally the directions in moduli space such that the derivatives 
in this direction give holomorphic differentials. The correspondence can be established as 

d . ,(fc) 

(102) 



1 + e-— ^l + eLLa 
ohk 



L 



(fe) 



1 d 



where ^k is a co-ordinate in the vicinity of a point Rk- They obviously commute 

= (103) 



tU) r(fe) 



An easy way to check the correspondence is to consider the following basis in the space of holomorphic 1- 
differentials on Eg |53]: 

dvq ^dS ^ C?rfC (104) 

i^fce{l,...,g-i} 

It is possible to write down explicit formulas for the differentials dvk- To do this one should first write down a 
section oi K^ with the only simple pole at Rj. It has the following form 



^e^AiP) - A{R,)) 



UP)~^'^' 



^j{P) 
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where we used explicitely the Prime form 

e,(A(P)-A(Po)) 

^(^'^°^ = — H^H^) — ^ ^ 

Then, obviously 

Now, to check ( pi|) one acts by generators ( |l02| ) to the rfS* = dvg. The resuh obviously is 



dh. 



1 + ctt^ ]dS^{l + eL% dS 



^^'^a^^^'^^^-^^i'^^i^'i'^H 



(108) 



= ^fd^, + edC, + 0(e2) + ... = dS + edvk + ^(e^) 

i.e. indeed the equality (pi[). To get 25-dinicnsional integrable system one could add as a parameter the 
normalization of dS*, i.e. 

dS = /igdwg (109) 

The above considerations can be almost literally transformed to the more interesting meromorphic case. The 
corresponding formulas can be extracted from |54l . 

2.4 Whit ham equations 

Now, let us turn to another definition of the generating 1-form (^TJ) . This definition goes back to the general 
approach to construction of the effective actions which is known as the Bogolyubov-Whitham averaging method 
(see Ig^, |6| ^, ^ for a comprehensive review and references). Though the Whitham dynamics is describes the 
commutative fiows on the moduli spaces, averaging over the Jacobian - the fast part of the theory, its explicit 



formulation is most simple and natural in terms of connections on spectral curves [|36| , 45 . The convenience 
of the Whitham language is caused, in part, by the fact that the previous consideration does not lead to any 
natural definition of the prepotential T . The Whitham dynamics allows one to define generating differential ( pi|) 
in such a way that a natural identification of (p7| ) with the logariphm of r-function of the Whitham hierarchy 
appears. 

The Whitham equations determine a flat coordinate system on some (finite-dimensional, complex) space 
[ p6| , which usually appears in interesting examples as the space of complex structures of a Riemann surface, 
associated to a finite-gap solution to the equations of KP/Toda type. The most part of interesting solutions 
to the Whitham hierarchy is related to the " modulation" of parameters of the finite-gap solutions of integrable 
systems of KP/Toda type. The KP r-function associated with a given spectral curve Sg is 

T{u} = eE*'^-*^e (#0 + ^t,k,) k, = / dn, (110) 



where is a Riemann theta-function |54, 55| - a function on the Jacobian Jac(Eg) and dili are meromorphic 1- 
differentials with poles of the order i -f 1 at a marked point Zq . They are completely specified by the normalization 
relations 

dn, = (111) 
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and the asymptotic behavior 

dn, - (c'-' + 0(0) d^ (112) 

where ^ is a local coordinate in the vicinity of zq. The moduli {«„} of spectral curve are invariants of KP flows, 

^-0, (113) 

Oti 

However, the moduli become dependent on U after the "modulation" defined by the Whitham equations which 
for a particular choice of the coordinate on S acquire the most simple form 

ddQ,i{z) ddflj{z) 



dtj dti 

and imply that 



(114) 



dn,{z) = ^^ (115) 



and the equations for moduli, following from (114), are 






dti '^ ' ' dtj 



with some (in general complicated) functions v. 



Q/3 



From the point of view of subsect.2.3 the Whitham equations relate two different set of (flat) coordinates 
on moduli space. One is generated by "averaged" KP/Toda flows and is given by i*L„ - the singular Virasoro 
generators in the pucture Pq corresponding to the KP hierarchy from geometrical point of view. The other are 
coordinates induced by i"2 ~ iii 1^6 particular points Ra on the curve S which are branch points (or Riemann 
invariants) in the hyperelliptic case. 

In the KdV (and Toda-chain) case all the spectral curves are hyperelliptic, and for the KdV i takes only 
odd values i = 2j + 1, so that 

dn2,+i{z) - ^^±4^dz, (117) 



the coefficients of the polynomials Vj being fixed by normalization conditions (111), (112) (one usually takes 
zq = oo and the local parameter in the vicinity of this point is ^ = z^^"). In this case the equations (116) can 



be diagonalized if the co-ordinates {ua} on the moduli space are taken to be the ramification points: 

(118) 



</<»' = *""ti 



Finally, the differential dS{z) (115) can be constructed for any finite-gap solution |29t] and it coincides with the 
generating 1-form ([47|). The equality 

^ = ap SL= I dS SiD= (f dS (119) 

defines t- function of the Whitham hierarchy JF = logTwhuham ||36| , [45| . The exact answer for the partition 
function logT — logTp + logTg = !F + logTg should also include the deformation of the oscillating part, 
corresponding to the massive excitations. Below, the explicit examples of the Whitham solutions will be 
considered. 

Now let us demonstrate that the higher genus Riemann surfaces (already in the elliptic case) give rise to 
nonperturbative formulation of physically less trivial theories. In contrast to the previous example Whitham 
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times will be nontrivially related to the moduli of the curve. The elliptic solution to the KdV is 

C/(ti, t3, ...\u)^-^ \ogT{tiM. . . . |w) = 

u 
= Uop{kiti + k^ts + . . . + $ok,^') + 3 



(120) 



and 



dp = dni{z) = — dz, 

uz — [3{u) 



v2 1 



(121) 



dQ = dn:i{z) 



viz) 



dz. 



Normalization conditions (111) prescribe that 

a{u) 



zdz 
'a y{z) 



'■ dz 
A y{z) 



P{u) 



r {z^ — ^uz)dz 

3'a y(z) 

f dz 
fA y(z) 



(122) 



The simplest elliptic example is the first Gurevich-Pitaevsky (GP) solution |47 with the underlying spectral 
curve 

y^^{z^-l){z-u) (123) 

specified by a requirement that all branching points except for z = u are fixed and do not obey Whitham 



deformation. It is easy to see that by change of variables z ^ u-\- \- and y -^ yX the curve (123) can be written 
as (a particular Nc — 2 case) of the Toda-chain curve (37) j/^ = (A^ + u)^ — 1 c P/v<:=2(A) = A^ + /i2 i.e. /i2 = u. 



The generating differential (p7|), (115), corresponding to (123) is given by ||l| 



dS{z) = ( ti+t3{z + -u) + 



-dz 



z — u 
t-i — r—dz 



viz) {tk>i=o} viz) 



(124) 



and it produces the simplest solution to (114) coming from the elliptic curve. From (124) one derives: 

ddS{z) 



. 1 du\ dz 

oh V 2 dtij y{z) 



ddSjz) 
dts 



2 1 1 2 / 1 . du\ dz 

2 2 2 dtsj y(z) 



(125) 



and comparison with explicit expressions (121) implies: 



1 du 

{-h + uh)— = a(u) - u, 

/I ^ du ^ , , 1 „ 

i-^h + ut3)g^^^f3iu)--u^. 

In other words, this construction provides the first GP solution to the Whitham equation 



with 



V3i{u) 



du 


V3l{u) 


du 
dh' 




(3{u)- 


h' 


dfl._ 


iW 


a{u) 


— u 


dn 


lW 



(126) 



(127) 



(128) 



which can be expressed through elliptic integrals [Q . More detailed analysis can be found in Q . 
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3 Prepotential of the Effective Theory 

In the previous section the prepotential T was identified with the logariphm of the r-function of the Whitham 
hierarchy. Such identification, being a particular case of the fundamental formula relating the generating 
functions or effective actions of quantum theories to the r-functions of the hierarchies of integrable equations, 
has a little bit implicit form. In this section, I discuss an explicit system of differential equations satisfied by 
the prepotential T . These are the associativity equations [n6l O, 18 and their existence for the prepotential 



follows, in principle, from the fact that it is r-function of the Whitham hierarchy (though the associativity 
equations exist even in more general situation p^, Q). More exactly, in this section I will formulate the most 
general form of the associativity equations and check their existence in Id topological models and in the effective 
Seiberg-Witten theories. Thus, we will deal with the explicit differential equations having among their dolutions 
the prepotentials T . 

3.1 The associativity equations 

The prepotential T pG, Bl| is defined in terms of a family of Riemann surfaces, endowed with the meromorphic 
differential dS. For the gauge group G = SU{N) the family is pH, Ell p3^, m given by ( pq ) and the generating 
differential by (E^. The prepotential T{ai) is implicitly defined by the set of equations ( |119D . According to ||l|, 
this definition identifies !F{ai) as logarithm of (truncated) r-function of Whitham integrable hierarchy. Existing 
experience with Whitham hierarchies |^, ^ implies that J-{ai) should satisfy some sort of the Witten-Dijkgraaf- 
Verlinde-Verlinde ( WDVV) equations |3g] . Below in this section we demonstrate that WDVV equations for the 
prepotential actually look like iQ 

T.T^^T, - T.T^^T, Vi, j, fc = 1, . . . , A^ - 1. (129) 

Here J^i denotes the matrix 

(•^»)™» = n n n ■ (130) 

OaiOamOan 



Let us first present few comments about equations (129) 



• Let us, first, notice that the conventional WDVV equations for topological {2d) field theory express the 
associativity of the algebra (pi^ij = C^,j(j>k (for symmetric in i and j structure constants): {(f>i(j>j)(f>k — 
(f>i{<j)j<j>k), or CiCj — CjCi, for the matrices (Ci)^ = C™. These conditions become highly non-trivial 
since, in topological theory, the structure constants are expressed in terms of a single prepotential J-{ti): 
Clj = (?7(o))'''-^y"fc7 and Tijk = dudt'dtk ' "^^il^ the metric is t]\.i = Tqm, where (j)o = I is the unity 
operator. In other words, the conventional WDVV equations can be written as 

T,T^^Tj=T.,T^^J',. (131) 

In contrast to ( |l29| ), in the standard WDVV equations to fc = 0, associated with the distinguished unity 
operator. 

On the other hand, in the Seiberg-Witten effective theory there is no distinguished index i: all the 
arguments a; of the prepotential can be treated on equal footing. Thus, if some kind of the WDVV 
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equations holds in this case, it should be invariant under any permutation of indices i,j,k - criterium 



satisfied by the system ( |129| ). Moreover, the same set of equations (129) is satisfied for generic topological 
theory. 



In the general theory of Whitham hierarchies ||3^, ^ the WDVV equations arise also in the form (131). 
Again, there exists a distinguished time-variable for the global solutions usually associated with the first 
time- variable of the original KP/KdV hierarchy. Moreover, usually - in contrast to the simplest topological 
models - the set of these variables for the Whitham hierarchy is infinitely large. In this context our 
eqs.( |l29D state that, for specific subhierarchies (in the Seiberg-Witten gluodynamics, it is the Toda-chain 
hierarchy, associated with a peculiar set of hyperelliptic surfaces) , there exists a non-trivial truncation of 
the quasiclassical r-function, when it depends on the finite number (N — 1 — g - genus of the Riemann 
surface) of equivalent arguments a^, and satisfies a much wider set of WDVV-like equations: the whole 
set (|12|). 



• From (11£) it is clear that a^'s are defined modulo linear transformations (one can change A-cycle for any 
linear combination of them). Eqs.(n29h possess adequate "covariance" : the least trivial part is that J-k 



can be substituted by J-^ + X); ^i^i- Then 

^k' - (-^fe + E '^^^r' = ^^' E 'i^^'^i^k' + E eie,T^^TiT^'TvT^' + ... (132) 



Clearly, (129) - valid for all triples of indices simultaneously - is enough to guarantee that Ti{!Fk + 
^ €i!Fi)~^J-j — Tj{J-k + X) ^i^i)^^^i- Covariance under any replacement of A and i?-cycles together will 
be seen from the general proof below: in fact the role of T^ can be played by JFdoj, associated with any 
holomorphic 1-differential dto on the Riemann surface. 

• The metric 77, which is a second derivative, (as is the case for our rymli = {J^k)mn) in ordinary topological 
theories (77^°^) is always flat, and this allows one to choose "flat coordinates" where 77*^°-' = const. Some- 
times all the metrics rj^^' are flat simultaneously. However, this is not always the case: in the example of 



quantum cohomologies of CP^ p9, Es] eqs.(12£) are true for all fc = 0, 1, 2, but only ry'"^ is flat while yy*^^^ 
and rj^^i lead to non-vanishing curvatures. 



The equations (129) are trivially satisfied in the case of A^ = 2 and A^ = 3 and become a nontrivial 



condition only starting with A^ > 4. 



Our consideration suggests that when the ordinary WDVV (131) is true, the whole system (|129| ) holds 



automatically for any other k (with the only restriction that Tk is non-degenerate). Indeed, [j 

T.T^^T, = To (Cf ^ {Cfr'cP) (133) 

is obviously symmetric w.r.to the permutation i ^-> j implied by [C^ , C- ] = 0. 



• Effective theory (119) is naively non-topological. From the 4-dimensional point of view it describes the 
low-energy limit of the Yang-Mills theory which - at least, in the J\f — 2 supersymmetric case - is 
not topological and contains propagating massless particles. Still this theory is entirely defined by a 



This simple proof was suggested by A.RosIy. 
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prepotential, which - as we now see - possesses all essential properties of the prepotentials in topological 
theory. Thus, from the "stringy" point of view (when everything is described in terms of universality 
classes of effective actions) the Seiberg-Witten models belong to the same class as topological models: 
only the way to extract physically meaningful correlators from the prepotential is different. This can 
serve as a new evidence that the notion of topological theories is deeper than it is usually assumed: as 
emphasized in |]1| it can be actually more related to the low-energy (IR) limit of field theories than to the 
property of the correlation functions to be constants in physical space-time. 



Moreover, the fact that only third derivatives enter the equation (129) demonstrates the stringy origin of 
the nonperturbative solutions a la Seiberg-Witten. 



3.2 The proof of the associativity equations 



Let us start with reminding the proof of the WDVV equations (131) for ordinary topological theories. We take 
the simplest of all possible examples, when (j)i are polynomials of a single variable A. The proof is essentially 
the check of consistency between the following formulas: 



<^,(A)0,(A)-C^-0fe(A)modT4^'(A), 



m = res 



W'{X) 



E VkVl 



W"{K) 



^ijk — VklC^j. 



(134) 

(135) 

(136) 
(137) 



Here Aq are the roots of W'(\). 



In addition to the consistency of (134)- (137), one should know that such Tijk, given by (135), are the third 
derivatives of a single function J- (a), i.e. 



T, 



ijk 



d aid a j dak 



(138) 



This integrability property of (135) follows from separate arguments and can be checked independently. But if 



(134)-(n36[) is given, the proof of (137) is straightforward: 

a 



4>k<Pl{K) ^l (134) 



(139) 



W"{K) 



<tli{Xa)4>j{\a) = ^ijk- 



Note that (134) is defined modulo W'{\), but W'{\a) = at all the points Aq. Imagine now that we change 
the definition of the metric: 

0A;0i(-^Q), 



Vki -^ m(Q) = 2^ vi^"(A ) '^^-^°-'- 



(140) 



Then the WDVV equations would still be correct, provided the definition (134) of the algebra is also changed 
for 



0,(A)0,(A) = C^JQ^kWQiX) mod W'{X). 



(141) 
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This describes an associative algebra, whenever the polynomials Q{X) and W'{X) are co-prime, i.e. do not have 
common divisors. Note that ( [135| ) - and thus the fact that Tijk is the third derivative of the same !F - remains 



intact! One can now take for Q{X) any of the operators 0a:(A), thus reproducing eqs.(129) for all topological 
theories [j. 

In the case of the Seiberg-Witten model the polynomials (t>i{X) are substituted by the canonical holomorphic 
differentials dcj,;(A) on hyperelliptic surface (pq). This surface can be represented in a standard hyperelliptic 
form 

dPN{X)dX 



A). Instead of (134) and (141) we now put 

duJi{X)dLJj{X) — C^Aduj)dhJk{X)dij{^) mod 



y 



(142) 



In contrast to (141) we can not now choose Q = 1 (to reproduce (134)), because now we need it to be a 
1-differential. Instead we just take duj to be a holomorphic 1-differential. However, there is no distinguished 
one - just a g-parametric family - and duj can be any one from this family. We require only that it is co-prime 



with 



rfPiv(A) 



If the algebra (142) exists, the structure constants C^Jduj) satisfy the associativity condition (if duj and 



^^ are co-prime). But we still need to show that it indeed exists, i.e. that if doj is given, one can find 
(A-independent) C^j . This is a simple exercise: all dui are linear combinations of 



dvk (A) 



1, 



y 



,9- 



dvk{X) = cTkiduJiiX), duji = {a ^)ikdvk, aki = j> dvk, 



(143) 



also duj{X) = Skdvk{X). Thus, (142) is in fact a relation between the polynomials: 

(a^^X'-') {aJ^X^'-') = C^- {^kk'-X'^'-') {s^X'-') + p,, (X) P'^ (X) . (144) 

At the l.h.s. we have a polynomial of degree 2{g — 1). Since P'pfiX) is a polynomial of degree N — 1 = g, this 
implies that Pij{X) should be a polynomial of degree 2{g ~ 1) — g — g — 2. The identification of two polynomials 
of degree 2{g — 1) impose a set of 2g — 1 equations for the coefficients. We have a freedom to adjust Cf,- and 
Pij{X) (with i,j fixed), i.e. g + {g — 1) = 2g — 1 free parameters: exactly what is necessary. The linear system 
of equations is non-degenerate for co-prime duj and dPM /y- 



Thus, we proved that the algebra (142) exists (for a given duj) - and thus C^Adio) satisfy the associativity 



condition 



Hence, instead of ( |135D we have 



Ci{duj)Cj{dw) = Cj{du)C,{dw). 
13^,14^: 



(145) 



T, 



d^T 



ijk 



dn, 



doidojdak dok 



dwidujjdujk 

' dw ^ 



diUidiOjdiOk 



E 



UJi{Xa)Cjj{Xa)u}k{Xa) 



(146) 



-ix=o dX{^) rfA=o dX^ ^ P'^(Xo)ly{X^) 
The sum at the r.h.s. goes over all the 2(7 + 2 ramification points Aq, of the hyperelliptic curve (i.e. over the 
zeroes of y" = ^^^(A) - 1 = nLi(^ ^ A-)); duj,{X) = {Cj,(X^) + 0(A - A„))dA, y'iX^) = X\p^^{X^ - A^). 
Formula (|146|) can be extracted from Bq], and its proof is presented, for example, in ||lq|. 



^^To make (p-2gh sensible, one should require that W(X) has only simple zeroes, otherwise some of the matrices JF^. can be 
degenerate and non-invertible. 
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We define the metric in the foUowing way: 



, . diVkdiVidiv duJkdiUiduJk 
Vkiiduj) — res , , . = res 7^ 

\ w / y 



E 



LOk{Xa)(^liXa)QiK) 



(147) 



PAr(A„)/y(A„) 
In particular, for doj — duJk, riij{dujk) = ^ijk'- this choice will give rise to ( |12S| ). 



Given ( |142[ ) , ( |146| ) and ( |147D , one can check: 



^tjk = riki{duj)CfJduj). 



(148) 



Note that Tijk — Qadada ^* *^^ l.h.s. of ( |148[ ) is independent of dul The r.h.s. of (148) is equal to: 

diokdioidio ^i , , ., (142) 



dujh 



'd\=o dX (^ 

\ W 



rikiiduj)C%iduj 

dPNdX 



dx=o dX(^) ^'^ 



CUdcj) 



djjJidwj — pij ■ 



V 



duk dP^dX 
ijk- res -, ^Ptj(X) ^ — 



= Tijk- res 



Pij{X)dLL>k{X) 



(149) 



\ y J 



d\=o y 

It remains to prove that the last item is indeed vanishing for any i,j,k. This follows from the fact that 
Pijl "fct. jg singular only at zeroes of y, it is not singular at A = 00 because Pij{X) is a polynomial of low 
enough degree g — 2 < g + 1. Thus the sum of its residues at ramification points is thus the sum over all the 
residues and therefore vanishes. 

This completes the proof of associativity equations for the pure M — 2 SUSY Yang- Mills theory or the Toda 



chain integrable model [g^. Taking dio — dwt (which is obviously co-prime with —^), we obtain (129) 



3.3 Algebraic construction of WDVV equations 



Let us now discuss in detail the algebraic structure underlying the equations (129) |18, 1^. Remind, first, that 
for any metric 

G = E-9^"^-^'" (150) 

used to raise up indices 



Cf ) = G-i^„ (151) 

i.e. Cjfc = (G-i)™J^„y7=, or T,jk = Gi„,C]l the WDVV eqs imply that all matrices C commute: 

C^C,^CJC^ Vz,j (152) 

(and thus can be diagonalized simultaneously). While (|129[) implies (|152[), inverse is not true: the WDVV 



equations are either (129) or the combination of (15C), (151) and ([153). Let us also remind that the WDVV 



eqs (152) expresses the associativity of the multiplication of observables ipi (for example in the chiral rings 



'vi\2d N — 2 superconformal topological models), where 



O 4,j) O (j)k = 4>i O {(j)j O (/)fc), 



(153) 



^^Prom now on we omit the superscript (G) in C' ' and assume summation over repeated indices. 
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while 

^yfc = ((0»0j0fc)) (154) 

are (deformed) 3-point correlation functions on sphere. 



The basic example of the algebra (153) is the multiplication of polynomials modulo dP 



M^HjW = C^,M^)G'{X) mod P'(A) (155) 

Here P{X) and G(A) are polynomials of A, such that their A-derivatives P'(A) and G'(A) are co-prime (do 
not have common divisors). The algebra ( |155| ) is obviously associative as a factor of explicitly associative 
multiplication algebra of polynomials over its ideal P'{X) = 0. 

The second ingredient of the WDVV eqs is the residue formula [E^ , 

MX)q^,{x)MX) ,, ,.,., 

Tijk = res -^-— dX (156) 

■' dP=o P [X) 



In accordance with ( 151 ) , 



G'(A)=5^™Vm(A) G,, = 5^™).F,,>„ (157) 

The last ingredient is the expression oi flat moduli a^ in terms of the polynomial P{X) |3q| : 

N 



— res (p«dG), N = oi-d{P) (158) 



i{N-i) 

These formulas (already used above in the proof of the existence of the WDVV equations in the case of pure 
gluodynamics) have a straightforward generalization to the case of polynomials of several variables, 4>i{X) — 

(j)i{Xi,. . . , A„): 

^ -* -» ^ / dP dP \ 

(/.,(A)<^,(A) = Gf^>fe(A)Q(A) mod (—, . . . , — j , (159) 



and 

Ti-jk = res —-^ TTp dAi . . . dA„ (160) 

The algebra ( |155|) is always associative, since dP = X)a=i '§^'^^a is always an ideal in the space of polynomials. 
Moreover, one can even take a factor over generic ideal in the space of polynomials, Pi(A) = . . . = Pn(A) = 0, 
where polynomials pa need to be co-prime, but do not need to be derivatives of a single P{X). In this subsection 
we will discuss in detail the algebraic structure underlying the associativity equations which is more or less 
natural generalization of the (factorized) polynomial ring structure. 

The proof of the WDVV equations in the case of pure Af ^ 2 gluodynamics presented above does not differ 
too much from the consideration in the beginning of this subsection except for the substitution of polynomials 
(functions on a Riemann sphere) holomorphic 1-differentials on Riemann surfaces (complex curves). They always 
form a family of closed algebras, parametrized by a triple of holomorphic differentials dG,dW,dA. However, 
these algebras are not rings (since the product of two 1-differentials is already a 2-differential) , thus they do not 
give rise immediately to associative algebra after factorization over an ideal. Still, associativity is preserved for 
many important cases - in particular for the hyperelliptic curves. 

The algebraic construction proposed in |18|] is interesting because it should possess direct generalizations 
to higher complex dimensions (from holomorphic 1-forms on complex curves to forms on complex manifolds), 
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what physically means that one can pass from the WDVV equations on the Seiberg-Witten prepotentials to 
(hypothetical) universal equations for the prepotentials in string models. 

Hence, imagine that in some context the following statements are true: 

1. The holomorphic Fj 1-differentials on the complex curve S of genus g form a closed algebra, 

(kj,{\)dLOj[X) = C*idcjfe(A)dG(A) + £>*:da;fc(A)dW(A) + E'yAuJk{X)dK{X) = 

(161) 
= C^jdwk{\)dG{\) mod (dW,dA), 

where du}i{X), i — 1, . . . ,g, form a complete basis in the linear space fi^ (of holomorphic 1-forms), dG, 
dW and dA are fixed elements of fl^, e.g. dG{\) — J2m=i v'^"^'^ dujra- 

2. The factor of this algebra over the "ideal" dW dK is associative, 

CC^j = CjC^ Vi, j at fixed dG, dW, dK (162) 

(remind that (Ci)^ = G*;-)• 
3. The residue formula holds, 

d!F diUiduj-jduJk duidujjdujk 

f e« „ ^..,^A = - /es ', (163) 



daidjdak dw=o dWdA dA=o dWdA 

4. There exists a non-degenerate linear combination of matrices JF, 



These statements imply the WDVV eqs (12£) for the prepotential J-{ai). Indeed, the substitution of (161) into 
(163) gives 

T,ju = C:;Gmk, (164) 



where 



dGduJmdoJk (i)^ nrr:\ 

Gmk = res — — -— - — = V^'J^inik, (165) 

dw=o dWdA 



and the terms with dW and dA in (161) drop out from J-'ijk because they cancel dA or dW in the denominator 



in ( |163| ). Eq.(164) can be now substituted into (163) to provide WDVV eqs in the form 

T,G-^T,=TjG-^T,, G = T]^"'^T,n ^ [v^"'^} (166) 

where at least one invertible metric G exists by requirement (4). 

Existence of the multiplication algebra (|l6l| ) is rather natural feature of complex curves. Indeed, there are 
g holomorphic 1-differentials on the complex curve of genus g. However, their products dwidujj are not linearly 
independent: they belong to the ig — 3-dimcnsional space i7^ of the holomorphic quadratic differentials. Given 
three holomorphic 1-differentials dG, dW , dA, one can make an identification 

n^ -n^ en^ = n^ -{dG^dw^dA) (i67) 



^•^ Since curves with punctures and the corresponding meromorphic differentials can be obtained by degeneration of smooth curves 
of higher genera we do not make any distinction between punctured and smooth curves below. Wo remind that the holomorphic 
1-differentials can have at most simple poles at the punctures while quadratic differentials can have certain double poles etc. 
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which in particular basis is exactly (161). For given i,j there are 3g adjustment parameters C^j, ZJf and E^^ 



at the r.h.s. of ( 161 ), with 3 "zero modes" - in the directions dGdW, dGdA and dWdA (i.e. one can add dW 



to C^dwk and simultaneously subtract dG from D^.dujk). Thus we get exactly 85 — 3 parameters to match the 



l.h.s. of (|l6l| ) - this makes decomposition (161) existing and unique 



Thus we found that the existence of the closed algebra (161) is a general feature, in particular it does not 
make any restrictions on the choice of Ricmann surfaces. However, this algebra is not a ring: it maps {Q})®'^ 
into another space: Vt^ ®^^ ^ Vi^ ^ Q} . Thus, its factor over the condition dW = dA = is not guaranteed to 
have all properties of the ring. In particular the factor-algebra 

dhJi o dcjj = C.ijdhJk (168) 

does not need to be associative, i.e. the matrices C alone (neglecting D and E) do not necessarily commute. 

However, the associativity would follow if the expansion of il'^ (the space of the holomorphic 3-differentials 
containing the result of triple multiplication 0} ■ Vt^ ■ fi^), 

Vi^ = n^ ■ dG ■ dG ®n'^ ■ dW ®Vt^ ■ dk (169) 

is unique. Then it is obvious that 

= {duj,dLUj)duJk - dui{dujjduk) = {CljCJ^ - C]^C]k) duj^^dG^ mod(rf>V, dh) (170) 

would imply [C^, Ck\ — 0. However, the dimension of Vi^ is 5.g — 5, while the number of adjustment parameters 



at the r.h.s. of (16£) is (? + 2(3(? — 3) ~ 7g~6, modulo only g + 2 zero modes (lying in fl^ -dWdA, ft^ -dWdG^ and 
Q} ■ dAdG^). For g > 3 there is no match: 5g — 5 < 6g— 8, the expansion ( |169| ) is not unique, and associativity 
can (and does) [j break down unless there is some special reason for it to survive. 

This special reason can exist if the curve E has specific symmetries. The most important example is the 
set of curves with an involution a : S ^ S, ct^ = 1, such that all a{duJi) = —duji, while a{dW) = —dW, 
a{dA) — +dA. To have dA different from all duji one should actually take it away from fl^, e.g. allow it to be 
meromorphic. 

The most well-known particular example of such curves is the family of hyperelliptic curves described by 
the equation 

y2 = Pol2<,+2(A), (171) 

and the involution is a : {Y, \) —> (—Y.X). The space of holomorphic differentials is Q^ = Span -^ TTit (' 
a — 0, . . . , g — 1. This space is odd under cr, a{il^) = —fl^, and an example of the (meromorphic) 1-differential 
which is even is 

dA = X'dX, (172) 

a{dA) — +dA. We will assume that dG and dW still belong to fl^ and thus are cr-odd. In the case of hyperelliptic 
curves with punctures, fl^ can include also cr-even holomorphic 1-differentials (like ,^_^ )(x-a ) ^^ J^^^ '^-^)j iii 



such cases we consider the algebra (161) of the cr-odd holomorphic differentials il^, and assume that dcui, dG 
and dW belong to 17^, while dA e il^. 



*See [ |L7| for an explicit example of non-associativity (actually, this happens in the important Calogero model). 
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The spaces fl^ and Q^ also split into cr-even and cr-odd parts: fi^ — fl\_ ® fl^ and fJ-^ — Q^ © fl^. 
Multiplication algebra maps JlL into fl^ and further into fl'^ , which have dimensions 2g — 1 + 2n and 3g~2 + 3n 
respectively. Here n enumerates the punctures, where holomorphic 1-difFerentials are allowed to have simple 
poles, while quadratic and the cubic ones have at most second- and third-order poles respectively. For our 
purposes we assume that punctures on the hyperelliptic curves enter in pairs: every puncture is accompanied 
by its cr-image. Parameter n is the number of these pairs, and the dimension of fiL is g + n. 

Obviously, if all the duji in (|161|) are from fi^, then all £'f = 0, i.e. we actually deal with the decomposition 



nl = nl-dG + nl-dw (i73) 

Parameter count now gives: 2g — 1 + 2n = 2{g + n) — 1 where —1 is for the zero mode dGdW. Thus, the 



hyperelliptic reduction of the algebra (161) does exist. 

Moreover, it is associative, as follows from consideration of the decomposition 

n^_^nl- dG^ + nl-dw (i74) 

Of crucial importance is that now there is no need to include dA in this decomposition, since it does not appear 
at the r.h.s. of the algebra itself. Parameter count is now: 3g — 2 + 3n = {g + n) + (2g — 1 + 2n) — 1 (there is 



the unique zero mode dWdG^). Thus, we see that this time decomposition (173) is unique, and our algebra is 
indeed associative. 

In fact, one could come to the same conclusions much easier just noting that all elements of fi^ are of the 
form 

where all 4>i{X) are polynomials and Q(A) ~ ni=i('^ ~ "^') i^ some new polynomial, which takes into account 
the possible singularities at punctures (rn,, -^Y{m^)). Then our algebra is just the one of the polynomials 0i(A) 
and it is existing and associative just for the reasons discussed before. The reasoning in this section can be 
easily modified in the case when hyperelliptic curve possesses an extra involution. The families of such curves 
appear in the Seiberg-Witten context for the groups SO{N) and Sp{N): the extra involution in these cases is 
p : X —> —A. Then one considers Ql instead of just fl^ (see [|lj for further details). 

Let us return to the most general consideration of the residue formulas. Consider an integrable model with a 
Lax operator C{w), which is a A^ x A'^ matrix- valued function (see sect. 2 where several examples of such models 
related to the non-perturbative effective gauge models are considered in details: for them N = Nc) on a bare 
spectral curve E, w Cz E, which is usually torus or sphere. Then one can introduce a family of complex curves, 
defined by the spectral equation (cf. with eqs (|35|), (pO|)) 

dct{C{w) - A) = (176) 

The family is parametrized by the moduli that in this context are values of the N Hamiltonians of the system 
(since Hamiltonians commute with each other, these are actually c- numbers). We obtain this family in a peculiar 
parametrization, which represents the full spectral curves E as the ramified iV-sheet coverings over the bare curve 

riX;w)=0, (177) 
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where 7^ is a polynomial of degree A'^ in A. 



Integrable system is defined by a "generating" 1-form dS = AdW, which possesses the property: 

ddS 



en\ 



(178) 



^moduli 

i.e. every variation of dS with the change of moduli is a holomorphic differential on S (normally, even if 
differential is holomorphic, its moduli-derivative is not). 

This structure allows one to define the (subfamily of) holomorphic differentials in a rather explicit form. Let 
Si denote some (specific) coordinates on moduli space A4. Then 



ddS ^ 5A _ _dV_dW 
dsj dsi dsi V 



(179) 



and dvj provide a set (in general not a canonical set) of holomorphic differentials on E. The set of dvj is not 
necessarily the same as fi^, it can be either a subspace of fiL or some dvi can be linearly dependent. It is a 
special requirement (standard in the context of integrable theories) that the differentials dw/'s form a complete 
basis in ^\, (or in i7L_). 



The prepotential T{ai) is defined by standard formulas (|22|), (|23|), ( p9[ ) and (119). The definition implies in 
general that the cycles Ai include At's going around the punctures. The conjugate contours S^ ending in the 
singularities of dS. 



The self-consistency of the definition (119) of JF, i.e. the symmetricity of the period matrix ^^ g^ is 



(179). Then we get: 



dv 



K 



guaranteed by the following reasoning. Let us differentiate equations (119) with respect to moduli sk and use 

^Tij f dvK- (180) 

J JAj 

« -T/j (181) 

is the period matrix of the (punctured) Ricmann surface S. As any period matrix, it is symmetric 



where the second derivative 



d'^F 



Y^^Tjj - Tjj) (f dvK(f dvL^Y.l'f 

jj JAi J A.] J \JAi 



dv 



K 



dvj 



dvK f dvL 

B, Ja, 



(182) 



— res {vkAvl) — 
Note also that the holomorphic differentials associated with the flat moduli a/ are the canonical dioi such that 
£4^ dujj = Sij and /g^ dujj = Tjj. 



In order to derive the residue formula one should now consider the moduli derivatives of the period matrix. 
It is easy to get: 

ddvL f , / ddvL 
IB, dsM 

ddvL 



V" -— ^ * dvK f dvL =y^i f dvK I 

^ dsM J A, Jaj j \Jai Jb, 



dvK r o 
Bi Ja, osm 



res vk 



ds 



M 



(183) 



The r.h.s. is non-vanishing, since differentiation w.r.t. moduli produces new singularities. From (179) 

ddvL _ d^V dW ( dV\' f dV \ dW dV dV dW . dV dV V"dW 
dsM dsLdsM T" \dsL 



dsM 



dsLdsM{V'Y dsLdsM {V'Y 



/ dV/dsLdV/dsM \' d^V 
\ V ) ^ dsLds 



dW 
V 



(184) 
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and new singularities (second order poles) are at zeroes of V (i.e. at those of dW). Note that the contributions 



from the singularities of dV/dsL, if any, are already taken into account in the l.h.s. of (183). Picking up the 
coefficient at the leading singularity, we obtain: 

ddvL _ dV dV dV dW^ dvKdvLdvM 

""'""'^ dsM ~ dwU dsK dsL dsM {V'fdK ~dwU dWdA ^ ' 



The integrals at the l.h.s. of (182) serve to convert the differentials dvj into canonical duji. The same matrix 
f. dvj relates the derivative w.r.t. the moduli sj and the periods a/. Putting all together we obtain (see also 

dTjj diOjdiUjdvK 

= rps 

ds^ dw=o dWdA ,,„^, 

(186) 

d F dTij dujjdujjduJK 

= ^ res 

da'da^da^ da^ dw=o dWdk 

Note that these formulas essentially depend only on the symplectic structure dW A dA: e.g. if one makes an 
infinitesimal shift of dW by dA, then [dWdA)^^ is shifted by — (dW)^^, i.e. the shift does not contain poles at 
dK — and thus does not contribute to the residue formula. Let us note finally, that the above considerations 
and the residue formulas should be applied literally to the systems described by the holomorphic differentials. 
In case of curves with the marked points (and, correspondingly, the differentials with poles in these points) the 
presented above formulas needs some more accurate extra definition, which could be found in |]l8| . 

3.4 Perturbative example 

The explicit example of the solution to the associativity equations in the framework of the 
effective Seiberg-Witten theory. This example corresponds to the perturbative part of the Seiberg-Witten 
prepotential for A/" = 2 SUSY gluodynamics which itself satisfies equations ( |l29|) . Since the perturbative 
contribution is non-transcendental, the calculation can be performed in explicit form: 



Tpert = ^{ai) = 2 ^ '-^" ~ ^"-"^ log(A„ - A„) 

m,n— 1 



/ ■'m 



(187) 



Here we took at — At — An - one of the many possible choices of independent variables, which differ by linear 
transformations. According to ( |132| ) the system ( |129| ) is covariant under such changes. 

Formula ( |187D means that in id SUSY YM theory the perturbative contribution to the effective action has 
the structure 

^pert = T ^ (mass) ^ log (mass) (188) 

masses 

where in (|187[) all masses are generated by the v.e.v.'s of the Higgs field by spontaneous breaking mechanism. 



The formula (188) comes from the requirement that the effective charge 

S^^pert ~ ^ log(mass) (189) 

masses 

is one-loop and pure logarithmic. 
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Let us introduce the notation a^ = ai — aj. The matrix 



{(•^l) 


ranS 


\ daidamda„ 


■^ 




1 


1 
ai2 


1 
ai3 


1 
ai4 


1 

ai2 




1 

H 

ai2 








1 

013 







1 

H 

oia 





1 

ai4 










1 

+ — 
ai4 



(190) 



I.e., 



XX'^ijmnJ 



^mn \^ ^mi) \^ ^ni) ^rni \^ ^ni ) ^ni\-^ ^rni) 



tilt 



^mi^n 



The inverse matrix 



for example 



{{^k )rnn} = flfc + (5mnafem(l — S,nk), 



{(•^1 )mn} — 0,1 



1 1 



1 .\ 



111 
1 1 1 



v 



/ 




ai2 
ai3 



V 



/ 



(191) 



(192) 



(193) 



As the simplest example let us consider the case A^ = 4. We already know that for A^ = 4 it is sufhcient to 



check only one of the eqs.(129), all the others follow automatically. We take fc = 1. Then 

ai ai2 ai3 ai2 ai3 

1 1 



.^1- 



ai2 
1 

ai3 



ai2 






1 
ai3 



/ 



T.-' = 



J 



a2 + 021 02 



02 



02 



02 02 



y 02 02 02 + 023 j 



.^3 = 



O3I 









-J- \ 

031 
1 1 

032 032 

1 1111 

031 032 03 031 032 



(194) 



and, say, 



J- 1 J- 2 Tz — 



1 . 021 + 023 \ 





031 


a 


1 


• 


1 


Ol3 


ai3 


021 + 023 

a?3 


1 
Ol3 


* 



(195) 
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where we do not write down manifestly the diagonal terms since, to check (12£), one only needs to prove the 
symmetricity of the matrix. This is really the case, since 

A^^^_^H^_^Hi^^O (196) 

aifls aiasi aaaia 

Only at this stage we use manifestly that ay — ai ~ Uj. 

Now let us prove (|129|) for the general case. We check the equation for the inverse matrices. Namely, using 



formulas (191)-( |l92| ), one obtains 



^^ + S^p{l - <5.„)(1 - 4.)(1 - S,^)^^^^^ 
aj aji3 






+(5jq(1 - bia)aia ( (1 - 4/3)(l ~ <5j73) ) + (5j73(1 - &k(i) ( — ^(1 - ^ia)(X ~ Sja) ] = flQJ) 



<- Oap{^ — Oia — Oka ~ Oja) 






+Sjaaia ( (1 - 4/3 - Sjf3) ] +Sjf3 [ — ^(1 - Sia - Sja) 

where we used that i ^ j j^ k. The first three terms are evidently symmetric with respect to interchanging 
a «-^ /3. In order to prove the symmetricity of the last two terms, we need to use the identities — — = 

aj ajj3 

a^a^ k^P a^ jH^a^^ i^iii ^^ SH ^ Then, One gets 

ajajf^ aj ' aj aja ajaja aj ' ^ 

the last hue of (197) = (5jq(1 - Sjf3)^^-^ — + Sjp{l - Sja)^'-^ 1- ^^aSjp (198) 



It is interesting to note that in the particular example (187), all the metrics ry'^'^' are flat. Moreover, it is easy 
to find the explicit flat coordinates: 



jyC^) = 7?!^ daMa^' = T.jkda'daj = daidajdUdhT) 



'"' U °^-' I t^k 



(199) 



The explicit form of non-perturbative (instantonic etc) contributions to the prepotential are more complicated. 
For several examples their computation from the exact formulas a la Seiberg-Witten can be found in p7[ | and 
the discussion of consistency with standard quantum field theory methods can be found in ||59| . 

Holomorphic differentials on a punctured sphere. Let us show now that the perturbative example 
corresponds to rational degeneration of the spectral curve, namely to the Riemann sphere with some punctures 
at the points A;, i — 1, . . . ,N, so that the canonical basis in the space il^ can be chosen as: 

(Ai - AAr)dA . 

'"'^ (A-A.)(A-A^.) ' ^ = l'---'^-l (200) 

We assumed that the Ai cycles wrap around the points Ai, while their conjugated Bi connect Ai with the 
reference puncture Aat. Multiplication algebra of dwi's is defined modulo 

dW = dlogP^(A) = ^^, (201) 
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PnW — Yli=ii^ ^ ^Oi ^^d it is obviously associative. 

The periods a; depend on the choice of the generating differential dS — AdW. There are two essentially 
different choices A = A [jf] and A = log A [|T^, i.e. 

rfS*'-^) - AdlogPAr(A) and dS'(^) = log A dlogPAr(A) (202) 

In order to fulfill the requirement ( |I78| ) one should assume that X]i=i -^i = in the case of dS''^\ while 
rii^i ^j = 1 ii^ the case of dS'^^'' . Since Ai cycle just wraps around the point A = A^, the A^-periods of such dS 
are 

* (203) 



af^ = d) dS^^^ =logA, 



The corresponding residue formulas are 



res 



N 



N 

'^'^ ^ A„ dAdlogPAr' 

(204) 



P-^' - V res A ""^'"^J""^fc i 1 k-l N-l 



m— 1 



A„ dA dlogPjv 



and they both provide solutions to the WDVV equations. The prepotentials are (187) and ||17|, |l8| : 

~ N ^ 

l<i<j<Ar l<i<j<fc<Af 1=1 (205) 

^^Lig (e^) = log2sinh2;, Zig (e^) = ia;^' - Jiig (e^^^) 
and describe the perturbative limit of the N = 2 supersymmetric SU{N) gauge models in Ad and 5d p9| 



respectively. Note only that the expression ( |205| ) differs from that of |19| on cubic in periods a terms, whose 
presence is necessary for the prepotential to satisfy the WDVV equations. 

If the punctures A^ are not all independent, the same formulas provide solutions to the WDVV equations, 
associated with the other simple groups: SO{N), Sp{N), F4 and i?6,7.8 {G2 does not have enough moduli to 
provide non-trivial solutions to the WDVV cqs). If P^v is substituted by 

one gets solutions, interpreted as (perturbative limits of) the gauge models with matter supermultiplets in 
the first fundamental representation. Inclusion of matter in other representations seems to destroy the WDVV 
equations, at least, generically; note that such models do not arise in a natural way from string compactifications, 
and there are no known curves associated with them in the Seiberg-Witten theory (see ^^ for details). 

Holomorphic differentials on hyperelliptic curves. Non-perturhative deformations of the above pre- 
potentials arise when the punctures on Riemann sphere are blown up to form handles of the hyperelliptic 
curve: 



W Q{X)]l'' 



'Nf 

^ Q(A)X 

r2(A)=p2(A)-Q^^^.(A) 
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These curves, together with the corresponding differentials dS 

d5(^)^A^, rf5(^)=logA^, (208) 

(i.e. dW = ^ and dA*"') = dX, dA^^^ = ^) are impUed by integrable models of the Toda-chain family 
o □' 0' ©■ Together with the residue formula (163) these provide the nonperturbetive solution to the WDVV 



equations. 

For example the proof of subsect.3.2 can be almost literally transfered to the case of the relativistic Toda 
chain system corresponding to the 5d N = 2 SUSY pure gauge model with one compactified dimension p9| . 
The main reason is that in the case of relativistic Toda chain the spectral curve is a minor modification of (Bq) 
having the form 



zi; + - = (CA)-^^/'P(A), (209) 



1 
w 
which can be again rewritten as a hyperelliptic curve in terms of the new variable Y = (^A) " {''^ ~ w) 

Y^^P^(X)-4C^N^X^^ (210) 

where A = e^^, ^ is the "true" spectral parameter of the relativistic Toda chain and C is its coupling constant. 

The difference with the 4d case (see subsect.3.2) is the following two points. The first is that now sq ~ 
■Q gOi — I while sjy^^i becomes an unfrozen moduli parameter. 

The second essential new point is that the generating differential instead of (E^) in five-dimensional case is 

dS = £, log A — (211) 

w w 

so that 

dWk = ^T— = — - — , k = l,...,g (212) 

osk Y 

Despite the condition sq — 1, i.e. absence of the corresponding module, this formula literally coincides (because 
of the additional degree A in the denominator) with formula ( |143| ). Thus, the algebra of differentials remains 
the same associative algebra, the only difference being slightly modified residue formula because of modifying 
the polynomial P and, therefore, the differential duj. Namely, the residue formula acquires the following form 
_ ^ dojidujjdujk _ diOjdujjduJk _ sT^ , a),(Aa)a)j-(Aa)cDfc(Aa) 

'" "-" (f ) m "-" (f ) m ~^ p'(A.)/f(A„) ^2^^) 

Other examples. The very natural question is what happens with the WDVV equations for Toda chain 
models, associated with the exceptional groups. The problem is that the associated spectral curves are not 
hyperelliptic - at least naively. Still they have enough symmetries to make our general reasoning working, but 
this requires a special investigation. 

The number of examples can be essentially increased by the study of various integrable hierarchies, peculiar 
configurations of punctures etc. In recent paper |6C[| it was actually suggested that - at least in peculiar 
models - dS can be expressed through the Baker- Akhiezer function: dS — Ad log ^P. Of more importance could 
crucially interesting lift to 6d or elliptic models (in the same sense as five-dimensional theory is a cyllindric or 
trigonometric A — > log A generalization of the four-dimensional theory) which requires interpretation of A as a 
coordinate on elliptic curve. It is not yet known, if this transition breaks down the WDVV equations. 
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4 Conclusion 

In these notes I have tried to present the main ingredients of the theory of integrable systems which appeared 
recently to be rather useful to understand the nonperturbative results in quantum strings and supersymmetric 
gauge theories. The most exciting thing in this picture is that there exists an effective description (by means of 
classical and finite-dimensional integrable models) of the theory which is quantum (infinite-dimensional!) field 
theory, contains propagating (massless) particles and is not a quantum integrable model at least in conventional 
sense. 

Hypothetically, a generalization to realistic string models is straightforward and related first of all with 
the prepotentials arising in the study of the models related to the Calabi-Yau compactifications. The steps 
described above can be in principle repeated leading to the integrable models based on the higher- dimensional 
complex manifolds (instead of Ic-dimensional curves E). Such integrable systems are not investigated yet in 
detail (see however |3^, |50[) and are supposed to be much more complicated than the well-known integrable 
systems of KP/Toda type. 

One more direction (which was almost not considered in the text above) is related to the study of effective 
theories on (partially) compactified target-spaces |5l|, |l9[] . Adding one compactified dimension leads to appear- 
ance of the well-known class of relativistic integrable models [^ and allows one to interpret the divisor on a 
complex curve corresponding to a finite-gap solution in terms of the nonlocal observables (loops). Thus, on 
one hand it should clarify the sense of arising integrable systems, while on the other hand it is a step towards 
study of the prepotentials of string models (see for example [pll ) where there are contributions having similiar 
(though more complicated) structure. 

In spite of all the problems it is easy to believe that for all the theories where it is possible to make any 
statement about the nonperturbative and exact quantities there exists something more than a summation of 
a perturbation theory. The main idea advocated above and had been checked already in several examples is 
based on general belief that the realistic theory should be selfconsistent and adjust automatically its properties 
not to be ill-defined both at large and small distances. It looks that an adequate nonperturbative language for 
the effective formulation of consistent in this sense field and string theories can be looked for among integrable 
systems. 
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